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Abstract

Using the theory of countable exten-
sion of t-norms we present some new
classes of probabilistic contractions
in probabilistic metric spaces.
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1 Introduction

The notion of a probabilistic metric space was
introduced by Menger [6] and since then the
theory of probabilistic metric spaces has been
developed in many directions [5]. The idea of
Menger was to use distribution functions in-
stead of nonnegative real numbers as values of
the metric. The notion of a probabilistic met-
ric space corresponds to the situations when
we do not know exactly the distance between
two points, but only probabilities of possible
values of this distance.

In 1972, the notion of ¢- contraction mappings
on probabilistic metric spaces was introduced
by V.M. Sehgal and A.T. Bharucha-Reid [7].

Definition 1 [7] Let (S, F) be a probabilistic
metric spaces. A mapping f : S — S is a q-
contraction mapping on (S, F) if and only if
there is an q € (0, 1) such that

s
Ffpl,fpz(s) > thm(;) (1)

for every p1,p2 € S and s > 0.

They proved that every such a mapping on a
complete Menger space (.S, F, Ths) has unique
fixed point, where T); is the t-norm min.
Subsequently, H. Sherwood [8] showed that
for a very large class of t-norms it is possi-
ble to construct complete Menger spaces to-
gether with contraction mappings which have
no fixed point. In [3] a lot of generalizations
of Sehgal and Bharucha-Reid fixed point the-
orem are given.

In this paper using the theory of countable
extension of t-norms [3] we present two new
classes of probabilistic contraction in proba-
bilistic metric spaces and proved a fixed point
theorems.

2 Preliminaries

Definition 2 A mapping T : [0,1] x [0,1] —
[0, 1] is called a triangular norm (a t-norm) if
the following conditions are satisfied:

T(a,1) = a for every a € [0,1] ;
T(a,b) = T(b,a) for every a,b € [0, 1];

a>b,¢c>d= T(a,c)>T(bd) (a,b,c,de
[0,1]);
T(a,T(b,c)) =T(T(a,b),c) (a,b,ce[0,1]).

Definition 3 If T is a t-norm, then its dual
t-conorm S : [0, 1]2 — [0, 1] is given by

Sx,y)=1-T(1 -z, 1—vy).
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The following are the four basic t-norms to-
gether with their dual t-conorm:

TM(xv y) = min(xv y)v SM(xa y) = max(x, y)

TP(:an) =Ty, SP(:va) =r+y-—xy
Tp(z,y) = max(z +y —1,0)
SL('I’ y) = Inll’l(SC +y, 1)

[ min(z,y) if max(z,y) =1,
Tolz,y) = { 0 otherwise

[ max(z,y) if min(z,y) =0,
So(@,y) = { 1 otherwise

Definition 4 (i) A t-norm T is said to be
strictly monotone if T(x,y) < T(z,z) when-
ever x € (0,1) and y < z.

(ii) A t-norm T is called strict if it is contin-
uous and strictly monotone.

(iii) A continuous t-norm T is called
Archimedean if T(x, ) < =z, for all x €
0, 1).

Theorem 1 A function T : [0,1]*> — [0,1]
is a continuous Archimedean t-norm if and
only if there exists a continuous, strictly
decreasing function t:[0,1] — [0,4o00]| such
that for all z,y € [0,1]

T(z,y) =t~ (min(t(2)+t(y),5(0))).

The function t is then called an additive
generator of T'; it is uniquely determined by
T up to a positive multiplicative constant.

Let AT be the set of all distribution functions
F such that F'(0) = 0 (F is a nondecreas-
ing, left continuous mapping from R into [0, 1]
such that sup F'(z) = 1).

zeR

The ordered pair (S, F) is said to be a prob-
abilistic metric space if S is a nonempty set
and F : S xS — At (F(p,q) written by F, 4
for every (p,q) € S x S) satisfies the following
conditions:

1. Fyp(z) = 1 for every z > 0 = u =
v (u,v € 9).

2. Fy, =

3. Fyup(x) =1and Fup(y) =1 = Fu(z+
y) =1 for u,v,w € S and x,y € RT.

v for every u,v € S.
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A Menger space (see [5]) is an ordered triple
(S,F,T), where (S, F) is a probabilistic met-
ric space, T is a triangular norm (abbreviated
t -norm) and the following inequality holds

Fyu(z + y) > T(Fu,w<m)7 Fw,v(y))

for every u,v,w € S and every x > 0,y > 0.

Definition 5 [1] (S, F, T) is called a non-
Archimedean Menger probabilistic metric
space (shortly, a N.A. Menger PM-space) if
(S, F,T) is a Menger PM-space and T satis-
fies the following condition: for allx, y, z € S
and tl, to > 0,

F%z(mam{tl,tg}) 2 T(F%y(tl), Fy’z(tg)).

Ultrametric spaces belongs to the class of
N.A. Menger PM-spaces.

Definition 6 Let M # () and d : M x M —
[0, 00) such that the following conditions are
satisfied:

1.dz,y) =0z=y
2. d(x, y) =d(y, z) for allz, y € M

3. d(z, z) < max{d(z,y), d(y, z)} for all
z, Yy, z € M.

Then (M, d) is an ultrametric space.

Example 1 Let (M, d) be a separable ul-
trametric space and (€2, A, P) a probability
space. Let S be the set of all the equivalence
classes of measurable mappings X:0— M.
If X,V €S and z € R let Fy () be define
in the following way

Fg p(2) = P({w; w € Q, d(X (w), Y(w)) < z}).
Then (S, F, Tr) is a N.A. Menger space.

We shall prove that for every X , Y, Z and
every z, y € R the inequality holds

Fy y(max(z, y)) > To(Fy v (%), Fy 5(y)).-
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In order to prove the previous inequality we
shall prove that

Fg y(max(z, y)) > Fy y(x) + Fy 5(y) — 1.

Let A ={w: we
and B={w: we,d

If ¢ = {w

PlC) > P(ANB)
= P(A)+ P(B)— P(AUB)
> max(P(A)+ P(B) -1, 0)
= TL(P(A), P(B))
Hence
PiC) = FX7Z(maX(:1:, Y))

> TL(Fg y(x), Fy 5(y)).

The (e, \)-topology in S is introduced
by the family of neighbourhoods U =

{UU (67 )‘)}(v,e,)\)ESXR+ x(0,1)» where

Up(e,N) = {u; Fuou(e) >1— A}

If a t-norm 7T is such that supT'(z,z) = 1,
<1
then S is in the (e, A) topology a metrizable

topological space.

Let (S, F) be a probabilistic metric space. A
sequence {x,}nen in S is a Cauchy sequence
if and only if for every ¢ > 0 and X € (0, 1)
there exists no(e, A\) € N such that for every
n > ng(e, A) and every p € N

F

Tn+p,Tn

(e)>1- A\

If a probabilistic metric space (S, F) is such
that every Cauchy sequence {x, },cn in S con-
verges in S then (S, F) is a complete space.

In [2] the following class of t-norms is in-
troduced, which is useful in the fixed point

theory in probabilistic metric spaces.

Let T be a t-norm and T, : [0,1] —

where z € [0, 1]).

We say that t-norm T is of the H-type if T’
is continuous and the family {7, (z)}nen is
equicontinuous at x = 1.

A trivial example of t-norms of H-type
is T'= Tys. A nontrivial example is given in
the paper [2].

Each t-norm T can be extended (by associa-
tivity) (see [4]) in a unique way to an m-ary
operation taking for (z1,...,x,) € [0,1]" the
values

0 n n—1

We can extend T to a countable infinitary op-
eration taking for any sequence (xy,)nen from
[0, 1] that [3]:
zlxi = lim T?:lxi.

n—oo
Limit of right side exists since the sequence
( ?:1xi)nEN is nonincreasing and bounded
from below.

In the fixed point theory it is of interest to
investigate the classes of t-norms 7' and se-
quences (Zp)nen from the interval [0, 1] such

that lim x, = 1, and
n—od

lim T50 =T jwnys = 1. (2)

n—oo

For some classes of t-norms sufficient condi-
tions for (2) are given in [3].

Example 1. The Dombi family of t-norms
(Ti)))\e[(), o] is defined by

TD(xu y)7 A=0
TM(l’, y)a A =00

(i) The Aczél-Alsina family of t-norms
(T)‘\“A),\E[& o] is defined by

[0, 1] (n € N) is defined in the following way: Tp(z, y), A=0
T;\AA(J:7 y): TM('T’ y), A=00
Ti(x) =T(x, x), Thr1(z) =T(Tn(z), ) e—((log 2)*+(=log )2 =\ 5 .
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(iii) Sugeno-Weber family of t-norms
(TS\gW)Ae[—I,oo] is defined by
Tp (.Z‘, y)7 A=-1
TfW($7 y): TP(‘% y)? Lix A =00
max(0, W), A>—1.

In [3] the following results are obtained:

(a) If (T)re(0,00) is the Dombi family of t-
norms and (z,)nen be a sequence of elements

from (0, 1] such that lim z, = 1 then we
n—oo

have the following equivalence:

oo
d (1 -z) < oo = nlLIEO(Tf’);’inxi =1.
=1

(3)
(b) Equivalence (3) holds also for the family
(TXAA)AG(O, o0) Le.

o
Z(l —z) < 00 = JLIEO(TfA);‘inxl =1.
i=1

(4)

(c) If (wa)xe(—l,oo} is the Sugeno-Weber
family of t-norms and (z,)nen & sequence of

elements from (0, 1] such that lim z, =1
n—oo

then we have the following equivalence:

o
Z(l — ;) < 00 &= nh_)rrolo(wa);ﬁnmz =L
i=1

()

Proposition 1 Let (z,,)nen be a sequence of

numbers from [0, 1] such that lim z, =1 and
n—oo

t-norm T is of H-type. Then

. oo . o0
lim Ti:nxi = lim Ti:nmnH =1.
n—oo n—oo

3 Decomposable measures

Let A be a o-algebra of subsets of a given
set 2. A classical measure is a set function

1500

m : A — [0, oo] such that m(f)) = 0 and

m(| J4) =) m(4)
=1 i=1

for every sequence (A;);en of pairwise disjoint
set from A.

Definition 7 Let S be a t-conorm. A S-
decomposable measure m is a set function
m: A — [0, 1] such that m(0) =0 and

m(AU B) = S(m(A), m(B))

for every A, B€ A and AN B = 0.

Definition 8 Let S be a left continuous t-
conorm. A set function m : A — [0, 1] is
o-S-decomposable measure if m() =0 and

m(| ) Ai) = SZim(A)
=1

for every sequence (A;)ien from A whose ele-
ments are pairwise disjoint set.

A measure m is of (NSA)-type if and only if
som is a finite additive measure, where s is an
additive generator of the t-conorm S, which
is continuous, non-strict, and Archimedean
and with respect to which m is decomposable

(s(1) = 1).

Proposition 2 [5] Let (2, A, m) be a mea-
sure space, where m is a continuous S-
decomposable measure of (NSA)-type with
monotone increasing generator s. Then
(S, F,T) is a Menger space, where F and
t-norm T are given in the following way

(F(X,Y)=Fx y):

Fyy(u) = m{w: w e Q, d(X(w), Y(w)) < u)
=m{d(X,Y) < u}

(for every X, Y € S, u e R),

T(z,y) =s Y(max(0,s(z)+s(y) — 1)) for
every x, y € [0, 1].
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4 The fixed point theorems

Definition 9 [3] Let (S, F) be a probabilistic
metric space. A mapping f : S — S is said
to be a q-contraction of (e, \)-type, where q €
(0, 1), if for every p1, pa € S, every e > 0
and every A € (0, 1) the following implication
holds:

Fyip(e) > 1 =X= Frp pp,(qe) > 1 —qA

Definition 10 Let (S, F) be a probabilistic
metric space. A mapping f : S — S is said
to be a (h, q)-contraction of (¢, \)-type, where
h:(0,1) — (0,1), ¢ € (0,1), if for every
p1, p2 € S, every € > 0 and every A € (0, 1)
the following implication holds:

Fpipa(€) > h(A) (6)

= Fppy rps(g€) > h(gN).

Every g-contraction of (g, \)-type is a (h, q)-
contraction of (¢, \)-type if h(A) =1 — A.

Theorem 2 Let (S, F,T) be a complete
Menger space, h: (0, 1] — (0, 1], lir&L h(t) =
t—

1 and }m% h(t) = 0, h is nonincreasing func-

tion and f : S — S is a (h, q)-contraction of
(e, A)-type. If t-norm T satisfies the following
condition:

lim T7Z,A(¢") = 1 (7)

n—oo

then there exists unique fized point x of the
mapping [ and x = lim f"p for everyp € S.
n—oo

Proof: Let p € S and § > 0 be such that
Fy p(6) > 0. Since F,, ¢, € AT such a § ex-
ists. Let A\; € (0, 1) be such that F}, r,(d) >
h(A1). From (6) we have that

Ffp,f2p(q5) > h(Q)\l)
and generally, for every n € N
anp,fnﬂp(q”é) > h(qn)\l). (8)
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We prove that (f"p)nen is a Cauchy sequence,
i.e., that for every € > 0 and A € (0, 1) there
exists ng(e, A\) € N such that

Fpnp pnimy > 1 — X for every n > ng(e, M)

and every m € N.

Let ¢ > 0 and A € (0, 1) be given. Since
[o.¢]

q"0 < 1 the series > ¢"0 converges and so
n=1

there exists ng = no(e, A) € N such that
o0
> ¢"0 < e. Then for every n > ng

n=ng
oo
anp7fn+mp(<€) Z anPan+mp( Z qné)
n=ng
n+m—1 '
Z anp7fn+'mp( Z q'Ld)
i=n
> T(T(...T (Fgny sn "),
> T(T(...T (Fgnp pnr1p(q"0)
(m—1)—times
an+1p’fn+2p(qn+1p), “ e

e an+m—1p7fn+mp(qn+m_16)).

Let n1 = n1(A) € N be such that

T2, h(g") >1— A\

i=n1

Since (7) holds, such a number n; exists.
Now, for every n > max(ng, n1) and every
méeN

T2 h(g'n)
T h(e)
T, hd")
11—

anp7fn+mp (5)

vV IV IV IV

The mapping f is uniformly continuous. In-
deed, let 4 > 0 and ¢ € (0, 1) be given. Since
lim+ h(t) = 1 there exists n € (0, 1) such that
t—0

h(n) > 1— (. Then for ¢ > 0 and X\ € (0, 1)
such that ¢ = %, A= g we have the implica-
tion

Fpypo(€) > h(N) =

Frpy 1p2 (@) = Frpy po (1) > h(g\) = h(n) >
1= ¢,
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So
(p1,p2) € N<§, H(g)) =

where N (e, \) = {(u, v)
1— A}

tu, v €S, Fyy(e) >

The relation z = lim f"p implies that
n—oo

fr=f(lim f"p)= lim f"p=u=.

n—oo n—oo
It remains to prove the uniqueness of the fixed
point x. Suppose that y = fy, y # x. Then
there exists ¢ > 0 and A € (0, 1) such that
Fyy(e) > h(A). Then we have Fpy ¢,(qe) >
h(gA) and similarly

Fr,y(qng) = Ff"z,f"y(qng) > h(qn)‘)

for every n € N.

Let w > 0 and n € (0, 1) be given. If ng € N
is such that ¢"°¢ < w and h(¢™A) > 1 —1n
then

Fry(u) > Fpy(q™e) > h(q"¢)

Therefore, F, ,(u) = 1, for every u > 0, which
contradicts to x # y.

Corollary 1 Let (S, F,T) be a complete
Menger space and f S — S is a q-
contraction of (e,\)-type. If t-norm T sat-
isfies the following condition:

lim T2, (1

n—oo

¢')=1 (9)

then there exists unique fized point for the
mapping f and x = lim f™p for everyp € S.
n—oo

Proof: Let h(x) =1 — x. Then all the condi-
tions of previous theorem are satisfied.

Corollary 2 Let (S, F,T) be a complete
Menger space, h : (0, 1] — (0, 1], 111(1;1+ h(t) =
t—

1502

(fp1, fp2) € N(i, Q)

1, }m% h(t) = 0, h is nonincreasing function

and f S — S is a (h, q)-contraction of

(e, \)-type. If t-norm T is a t-norm of H-

type then there exists unique fixed point for

the mapping f and x = lim f"p for every
n—oo

peSs.

Proof: By Proposition 1 all the conditions of
the Theorem 2 are satisfied.

Corollary 3 Let (S, F, TP) for some A >0

be a complete Menger space, h : (0,1] —

(0, 1], lirél+ h(t) =1, %m} h(t) = 0, h is non-
t— —

increasing function and f : S — S is a (h, q)-

contraction of (&, \)-type. If Z( h(gH))* <

oo then there exists unique ﬁxed point for the
mapping [ and x = lim f"p for everyp € S.
n—oo

Proof. From equivalence (3) we have

o0

2 (1=h(g)* < 00 = lim (T?)2,h(¢") =
1.

Corollary 4 Let (S, F, T{*) for some A >

0 be a complete Menger space, h : (0, 1] —

(0, 1], 11%1+ h(t) =1, %m} h(t) = 0, h is non-
t— —

increasing function and f : S — S is a (h, q)-

contraction of (e, \)-type. If Z(l— (¢ <

oo then there exists unique ﬁxed point for the
mapping [ and x = lim f™p for everyp € S.
n—oo

Proof. From equivalence (4) we have

(1= h(g)) < 0o <=

78

=1

lim (T{14)22, h(q") = 1.

n—oo

Corollary 5 Let (S, F, T;\gw) for some A >

—1 be a complete Menger space, h : (0, 1] —

(0, 1], lim A(t) =1, limh(t) = 0, h is non-
t—0t t—1

increasing function and f : S — S is a (h, q)-

contraction of (g,\)-type. If 3" (1 — h(q%)) <

=1

Proceedings of IPMU'08



oo then there exists unique fized point for the
mapping [ and x = lim f"™p for everyp € S.
n—oo

Proof. From equivalence (5) we have

S (1— h(g))) < 00 <=

.
Il
—

Corollary 6 Let (2, A,m) be a measure
space, where m is a continuous S decompos-
able measure of (NSA)-type, s is a monotone
increasing additive generator of S, (M, d) a
complete separable metric space and f : € x
S — M a random operator such that for some

qg € (0,1) and every measurable mappings
X Y:Q—-M

(Vu > 0)(VA € (0,1))(m{w;w € Q,
d(X(w),Y(Q)) <u})>h(N) =

m({wiw € Q,d((FX), (fY)) < qu}) > h(g)).

If h: (0,1] — (0,1], such that lim h(t) =1,

t—0t

%irri h(t) = 0 and t-norm T defined by

T(z,y) =s (max(0,s(z)+s(y) — 1)), z,y €
[0, 1],

satisfies condition
lim T:2, k(¢ =1 (10)
n—oo

then there exists a random fized point of the
operator f.

Definition 11 A function ¢ : R — R is said
to satisfy the condition (A) if it satisfies the
following conditions:

(i) o(t) =0 if and only if t =0
(i1) tlim o(t) =00
(i1i) ¢ is left continuous in (0, o0)

(iv) @ is continuous at 0.
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Definition 12 Let (S, F,T) be a Menger
space. A mapping f : S — S is said to be
a p-probabilistic contraction if

Fra,py(0(t) = Fw,y(@(é)) (11)

where 0 < ¢ < 1, z,y € S andt > 0 and
function ¢ satisfies the condition (A).

Theorem 3 Let (S, F,T) be a complete
N.A. Menger PM-space with continuous t-
Let f S — S be continuous
and p-probabilistic contraction. If there ex-
ists xg € S and x1 = fxg such that t-norm T
satisfies condition nh_)rglo T;ﬁano,zl@(ﬁ) =1,

norm 1.

for every r > 0, 0 < ¢ < 1 then there exists
unique fixed point z of the mapping f.

Proof: In view of the condition (i) and (iv)
in Definition 11, for all s > 0 we can find a
positive number r such that s > ¢(r). Let
zo € Sand x, = frn,_1,n=1,2,...

Then
an,zn+l (S) > Fl‘nyxn-ﬁ—l (gp("ﬂ))
= fon717f$n (()O(T))
T
Z Fxnfl,xn ((P(E))
r
= fon—nyxn—l(gp<E))
T
Z an727$n71 ((10(672))
e ,
> Faoa (0())

on

It remains to be proved that the sequence
{zn}nen is a Cauchy sequence.

F,

Tn+1,Tn+m+1 (S)

\4

an+17xn+m+l ((10(’,’-))

= Ff$n1f$n+m (SO(T))

> T(T(... T(Ffun, fania (0(r)),
—_———

m—times

V

ey Ffl‘n+m,fmn+m+1 (SO(T)))
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W
g
=

m—times
T
oo P (P

+ T
= T?::LFxo,xﬁO( )

c

o)

v

Tanxo,m o(

c

So, the sequence {z,},en is a Cauchy se-
quence, and since the space S is complete
there exists z € § such that

lim z, =2z= lim fz,_1= fz.
n—oo n—oo

Next we show that the fixed point is unique.

Suppose that there exists w such that fw = w

and w # z. From the property of ¢ it follows

that for a given € > 0 we can find 7 > 0 such

that € > ¢(e1) > 0. Then

Fwyz(s) = Ffwyfz(e)

v 1V
=
w &
~ =
N
T ES
- o

I
3
&
<
iy
S

|

\%

=

[

5
|

> Fuz(e())

Letting n — oo in the above inequality and
we obtain z = w. This completes the proof.

Using Proposition 2 and Theorem 3 a random
fixed point theorem can be proved similarly as
in Corollary 6.

Acknowledgements

Research supported by MNTRRS-144012.

References

[1] Shih-sen Chang, Yeol Je Cho, Shin Min
Kang, Probabilistic metric spaces and
nonlinear operator theory, Sichuan Uni-
versity Press, 1994.

1504

[2] O. Hadzi¢, A fized point theorem
i Menger spaces, Publ. Inst. Math.
Beograd T 20 (1979), 107-112.

[3] O. Hadzi¢, E. Pap, Fized Point Theory
in Probabilistic Metric Spaces, Theory in
Probabilistic Metric Spaces, Kluwer Aca-
demic Publishers, Dordrecht, 2001.

[4] E.P. Klement, R. Mesiar, E. Pap, Tri-
angular Norms, Kluwer Academic Pub-

lishers, Trends in Logic 8, Dordrecht
(2000a).

[5] B. Schweizer, A. Sklar, Probabilistic met-
ric spaces, Elsevier North-Holland, New
York, 1983.

[6] K. Menger, Statistic metric, Proc. Nat.
Acad. USA, 28 (1942), 535-537.

[7] V.M. Sehgal, A.T. Baharucha-Reid Fized
points of contraction mappings on proba-

bilistic metric spaces, Math. Syst. Theory
6 (1972), 97-102.

[8] H. Sherwood, On E-spaces and their re-
lation to other classes of probabilistic

metric spaces, J. london Math. Soc., 44
(1969), 441-448.

Proceedings of IPMU'08



