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Abstract

The paper offers a first order axiom-
atization of priority based logic that
can handle prioritized symbols. Pro-
posed axiomatization is closely con-
nected to the generalized prioritized
fuzzy constraint satisfaction prob-
lem (GPFCSP). Developed formal-
ism is decidable, due to the existence
of a quantifier elimination procedure
for it.
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1 Introduction

Priority is generally viewed as the importance
of an object and it is often used in real time
systems. Prioritized fuzzy constraint satisfac-
tion problems (PFCSP’s) were introduced in
[3], an axiomatic framework (in the sense of
the first order set theory) was given in [7] and
applied in the agent—based automated nego-
tiation [6]. PFCSP is actually a fuzzy con-
straint satisfaction problem (FCSP) in wich
the notion of priority is introduced. Perhaps,
the key factors in that implementation are
schur-concave t-norms. They are defined in
a such a way that the smallest value, usu-
ally the value with biggest priority, has the
largest impact on the result given by a Schur-
concave t—norm. PFCSP can only handle con-
junction of constrains (see [11]). In [12, 13]
PFCSP are extended in a way that they can
handle disjunction and negation and general-
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ized prioritized constraint satisfaction prob-
lems (GPFCSP).

Our approach is similar to the one given in [4]
for axiomatization of reasoning about poly-
nomial weight formulas. Let us briefly out-
line methodology. We start with a count-
ably many propositional letters of the form
(v,p), where v € {v, | n € N} and p €
{P} U{p, | n € N}. Here v represents
the local satisfaction degree of an attribute,
while p represents its priority. The set For of
all fuzzy propositional formulas formulas with
connectives -y, Ar, Vr, An and Vg is built in
the usual way'. In terms of PFCSP, each
« € For may be seen as a prioritized query.
For each o € For we introduce a new con-
stant symbol C,, (with respect to the language
Lor = {+,-,<,0,1} of the ordered fields),
which represents the truth degree of a. In
addition, v,, p, and P are also treated as new
constant symbols. Then we extend the theory
RCF of the real closed fields with the follow-
ing axioms:

e 0Ly ANy, <1, n<w.
e 0 < pp.

® D, < Pm, whenever n < m.

pn < P, n<w.

_1_M

® Clpp) = P

e Cn=1-C,.

Y, AL, VL, A and Vi stands for Eukasiewicz ne-
gaiton, Lukasiewicz conjunction, Lukasiewicz disjunc-
tion, product conjunction and product disjunction, re-
spectively.
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® Con, 3 =max(Cqy +Cg — 1,0).

e Cov, 3 = min(Cqy + Cg, 1).

Recall that min and max are formally defin-
able in the theory of ordered fields. For in-
stance, the formula

defines the function max. Developed theory
RCFy is consistent and it admits the quan-
tifier elimination. As a consequence, RC Fry
is decidable as well.

The rest of the paper is organized as follows.
In Section 2 we discuss priority fuzzy con-
straint satisfaction problems. Section 3 deals
with the axiomatization. Concluding remarks
are in Section 4.

2 Priority Fuzzy Constraint
Satisfaction Problems (PFCSP)

The concept of constraint satisfaction prob-
lem (CSP) has been known for years [3]. A
CSP consists of the set of constraints and a
solution space, and its goal is to find a solu-
tion that satisfies all constraints. The prime
example of this kind is a construction of a
timetable.

In practice, most of constraints have inher-
ited fuzziness (tall, bald, strong, young, age
around 24, good stamina etc), and they are
more naturally represented as fuzzy sets. This
kind of approach leads to fuzzy constraint sat-
isfaction problem (FCSP). Here, the degree
of satisfaction of a constraint is the member-
ship degree of its domain value on the fuzzy
set that represents it. The global satisfaction
degree can be obtained by the aggregation
of values of each constraint, and a standard
choice of the aggregation operator is suitable
t—norm, s—norm or some fuzzy negation.

Definition 2.1 (see [7]) A fuzzy constraint
satisfaction problem (FCSP) is a triple
(X, D,C) such that:

o X = {xl,“

., Tp} is a set of variables.
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e D = {di,...,dn} is a set of domains.
Fach domain d; is a finite set of possi-
ble values for the corresponding variable
Zy.

e (' is a finite nonempty set of elements
called fuzzy constraints, where each c € C

has a form
c={ct,...,enf U{f1,..., fu}
Here each ¢; is a subset of {1,...,n} and
each f; maps ] dj into [0,1]. O
JEC

The membership degree of each constraint in-
dicates the local degree to which the con-
straint is satisfied. In order to obtain the
global satisfaction degree, local degrees are
aggregated using certain t—norm. Adding pri-
orities to the FCSP and allowing constraints
to be aggregated by any logical formula pro-
duces the GPFCSP.

Definition 2.2 Let (X, D, C7) be defined as
in Definition 2.1. Next, let p : Rf — [0,00)
and a compound label vx of all variables in
X, and , g :[0,00) x [0,1] — [0, 1].

Generalized PFCSP is defined as a tuple
(X.D,C7,p,g,AV, ).

An elementary formula in generalized PFCSP
is a pair (x,p(Cy)) where C; € CF, z €
Dom(C;) represents the satisfaction degree of

a constraint C; and p; = p(C;) represents its
priority.

A formula in GPFCSP is defined in the fol-
lowing way:
(i) An elementary formula is a formula.

(i) If f1 and fo are formulas then also
A(f1, f2), V(f1, f2) and =(f1) are formulas.

For each wvaluation vx a satisfaction degree
ap(vx) of a formula F is calculated depend-
ing on the interpretation of connectives.

A system is a GPFCSP if

1. Let F' = Neq1,..n3fi be a formula in
GPFCSP where f;, i € {1,...,n} are el-

ementary formulas and let Cf be a set of
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. For le, R;-c c C7, assume p(RZf) >

constrains that appear in the formula. If
for the fuzzy constraint anm we have

pmaz = P(Ripey) = max{p(R') | RS € C7},

then for each formula F we have:

/LR{MZ(U)O =0= aF(Ux) =0.

. If YR € Cf, p(RT) = po € [0,1], then

for each formula F we have:

Oép(vx) = FL(U)()

where Fyr is the interpretation of the log-
ical formula F in fuzzy logic L(A,V,—)).

p(Rf), 0 > 0 and assume that there are
two different compound labels vx and v’y
such that:

o if YR/ # R and VR! # R}, then
prr(vx) = g (Vy),

o if RN = Rl then pps(vx) =
12733 (U/X) + 5}

oif RI = Rl then pgs(vk) =
upi(vx) +4.

Then the following prop-

erties hold for F =
Ni=1,.n(Tk, p(RE)), x € Dom(Ry)
or F' = V=1 n(xg,p(Rg)), zr €
Dom(Ry):

ar(vyx) > ap(ly).

. Assume that two different compound la-

bels vy and v’ such that YR € C7 sat-
isfy

g (vx) > pge (V).

If formula F that has no negation con-
nective, then holds

ap(vx) > ar(vly).

5. Let there be a compound label such that
VRS e Cf, ppi(vx) = 1.

If Fis a formula F' = Ni=1,. nfi or
F = V=1, nfi where f;, i € {1,...,n}
are elementary formulas then

ap(vy) = 1.

On of the problems is to find a triple A, V, —
that satisfy the previous properties. The fol-
lowing theorem proven in [13] gives the answer
to this question.

Theorem 2.1 The following sYs-
tem (X,D,Ct,p,g,A,V,—,0) where
N =T, VvV = S, -~ = Ng and finally
o(x,¢i) = Sp(xi, 1 — p;) is a GPFCSP. The
global satisfaction degree of a wvaluation vx
for a formula F is obtained in the following
way:

ar(vx) = Flo(a, "B\ R ¢ o1y,

max

where C7 is the set of constraints of formula
F |, pmax = max{p(R), R’ € C'} and F is
the interpretation of formula F in GPFCSP.

The proof is an immediate consequence of the
fact that Ny is the standard negation, T7, is
a t-norm and Sy, is a t-conorm dual to T7J.
Theorem 2.1 gives us a concrete GPFCSP.

3 The theory RCFn

In order to give a syntactical approach to
GPFCSP, we will interpret the Lukasiewicz
logic and the Product logic into the first order
theory of the reals. Besides complete axiom-
atization, this method also gives decidability
of the underlying theory.

Why RCF (the first order theory of the re-
als)? There are several important reasons:

e RCF is the best possible first-order ap-
proximation of the ordered field R of the
reals. On the other hand, R provides nat-
ural semantics for fuzzy logics.

Proceedings of IPMU'08



e The most important t-norms (i.e. the
product norm, the Lukasiewicz norm and
the Godel norm), as well as the corre-
sponding t-conorms, residuated implica-
tions and negations are formally defin-
able in RCF. This fact alone enables
the interpretation of the underlying fuzzy
logics into RC'F.

e RCF is decidable, with EXPSPACE con-
tainment for the general decision proce-
dure, and PSPACE containment for the
decision procedure of the existential part.

There are Hilbert-style axiomatizations of the
Lukasiewicz logic, Product logic and Godel
logics and the reader may find them in the Ha-
jek’s book [5]. Our aim is to use the interpre-
tation method in order to obtain a complete
axiomatization of the LII logic (a combina-
tion of the Lukasiewicz logic and the Product
logic, see [8]) in the following sense: if phi
is an arbitrary LII-formula, then its maximal
satisfaction degree is s iff Cy = s is a the-
orem of Trr. In this way we can formally
speak about the truth degree of a fuzzy for-
mula within the framework of the first order
theory of the reals.

What is connection with the prioritized fuzzy
constraint satisfaction problem? Basic at-
tributes may be seen as a propositional letters
(primitive propositions), so any query may
be seen as a propositional formula. In the
non-prioritized case this would be enough for
the axiomatization. However, priorities intro-
duce additional technical complications. To
avoid even more cumbersome notation then
the present one, we have decide to adopt the
following convention: as an input, we have the
following data:

e The local satisfaction of the attribute,
computed with respect to the hard and
soft constraints (soft constraints intro-
duces fuzzy quantities).

e The priority of the attribute.

Thus, our propositional letters are pairs of the
form (v, p), where the first coordinate refers to
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the local satisfaction degree of an attribute,
while the second coordinate refers to its pri-
ority. A query will be an LII-formula over the
introduced propositional letters.

Now we will start with the technical details.
Concerning model theoretical notions, our no-
tation and terminology is standard and fol-
lows [9]. Let Lor = {+,—,-,71,<,0,1} be
the language of the ordered fields, let RCF
be the first order Lpp—theory of the real
closed fields, and let V = {v, | n < w},
P={P}U{py |n<w}andC={(v,p) |ve
VY and p € P}. The letters u,v and w will
be variables for the elements of V), while p, ¢
and r will be variables for the elements of P.
We define the set For of fuzzy propositional
formulas recursively as follows:

e Forg=2C.

e Forpy1 = ForyU{—ra | a € For,} U
{(a x B) | o, € For,}, where x €
{AL; A, Vi, Vit

e For = |J Fory.
neN

As it is usual, we will omit the uttermost
brackets in any fuzzy formula. The elements
of For will be denoted by «, 6 and -y, indexed
or primed if necessary.

Definition 3.1 Let £L* = Lop UV U P U
{Ca | @ € For}. Here the elements of L*\LoF
are treated as new constant symbols. We de-
fine the theory RCFEFry as an L*—theory with
the following axioms:

1. All axioms of RCF.

2.0< v, A, <1, n<w.

3. 0 < pg.

4. Pn < pPm, whenever n < m.
5. pn < P, n<w.

6. Clypy =1—(1—w)-p- P71,

7. Copa = 1 —Ca.

8. Canpg = maX(Ca +Cs — 1,0).
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9. Cavyg = min(Ca + Cg, 1).

Let us briefly comment the above axiomati-
zation. Pairs of the form (v,p) are typical
for priority language. First coordinate rep-
resents the local satisfaction degree of an at-
tribute, while the second one represents its
priority. C, stands for prioritized satisfac-
tion degree of the query o« € For. Axiom
(2) states that each local satisfaction degree
is between 0 and 1. Axioms (3), (4) and
(5) states that priorities form a positive se-
quence? whose order type is w + 1. Ax-
iom (6) introduces priority in the calculation
of the global satisfaction degree. The rest
of the axioms follows the usual truth func-
tions for Lukasiewicz negation, Lukasiewicz
conjunction and Lukasiewicz disjunction. It
is important to say that in this context,
+,—,-, "', max and min are purely syntacti-
cal symbols.

Theorem 3.1 RCFy is consistent.

Proof 3.1 We use the compactness argu-
ment. That is, in order to prove consistency
of RC'Fr, it is sufficient to prove consistency
of its arbitrary finite subset. Suppose that I'
is an arbitrary finite subset of RCFr. Let
ai, ..., ay be all fuzzy formulas appearing (as
indices) in I'. We construct the model M for
I" as follows:

e The universe M of M is the universe of
some fixed real closed field M. The lan-
guage Lop is interpreted as in M. We
may assume (without any loss of gener-
ality) that Q C M.

e Each v, appearing in a;, . .

1
preted as ;.

., iy 18 Inter-

e Fach p,, is interpreted as m + 1. If k£ is
the maximum of all such interpretations,
then P is interpreted as k + 1.

1M
° Cé\gm:lfM(lvaM)MpM-PM .
o CM =1-Mc
. C/Oé\//t\Lﬁ = maxM(cM +M C/B\” ~-M1,0).

Zeach member of the sequence is > 0

OCM

B = min™(cM +M Cé‘”‘, 1).

Clearly, (M, C ...,CA:‘J is a model of T, so

IR TR «
we have our claim.

Theorem 3.2 For each sentence ¢ of L*
there is a sentence @* of Lop such that
RCFrn b ¢ iff RCF F . In other words,
RCFrn is interpretable in RCF'.

Proof 3.2 Notice that we only need to equiv-
alently eliminate constant symbols C,. Obvi-
ously, each C, has the form

.FW(C<U/7p/>7C<v//7p//>7 .o ’C<v(k>,p<k)>)7 (].)

where F is certain
+,—,-, " max and min. Since F is de-
finable in RCF, it remains to give the
elimination of Cy, ;)’s. It is easy to show that

composition  of

ROFLn & (F(Cur prys Clum gy -+ Cpoti) i) )
iff
RCF I\ 32,9, 2, t(p(F(2))A

Az =1- E=2 00 no, ),

where, 9(Z) is the formula

0<a1 <1A-- A0 2 <1
and 6(y,t) is the formula

O<y1 <tA---ANO<uy;<t.

Thus, we have established the elimination of
new constants, so we have our claim.

Corollary 3.1 RCFy1 is decidable.

Proof 3.3 By the previous theorem, for each
sentence @ of £, there is a sentence ¢* of Lor
such that RCFrng F ¢ iff RCF F ¢*. It is
well known (see [9]) that the latter predicate
is decidable. Thus, RC'Fry is decidable.

Concerning complexity containment, both
RCF and RCFp are in EXPSPACE. How-
ever, prioritized queries can be modeled with
Yo-sentences. Each such a sentence can be in-
terpreted in the existential theory of the reals.
In this way, using [2], we obtain a PSPACE
containment for the decision procedure for
Y p-sentences.
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4 Conclusion

The present paper offers a first order axiom-
atization of GPFCSP. Proposed methodology
is similar to the one introduced in [4] for the
axiomatization of reasoning about polynomial
weight formulas. The main difference is in the
fact that the corresponding semantics in [4] is
defined through special kind of Kripke mod-
els.

From the GPFCSP point of view, the most in-
teresting part of introduced formalism is con-
nected with Yp—sentences of £L*. Decidability
of RCFr allows construction of a theorem
prover. Though the general decision proce-
dure is in EXPSPACE, for Yy—sentences of L*
we can do much better. Namely, the elimina-
tion procedure outlined in the proof of The-
orem 3.2 produces purely existential sentence
of Lop. It is well known (see[2]) that there is
a decision procedure for the existential theory
of reals that is in PSPACE.

In general, one can approach to the problem
of the axiomatization by means of modal-like
“probabilistic” operators. The main difficulty
of such approach is noncompactness of any
finitary axiomatization. As it is well known,
this difficulty can be overcome only by some
infinitary approach. Higher order languages
provide strong completeness, but lack decid-
ability. To obtain both (strong completeness
and decidability), one can use infinitary infer-
ence rules, see [10].
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