
Comonotone maxitivity and extended Sugeno integral

R. Mesiar
Slovak University of Technology

Bratislava, Slovakia
and

Institute for Research and Application
of Fuzzy Modelling

University of Ostrava, Czech Republic
mesiar@math.sk

K. Ahmad

Department of Computer Science
Trinity College
Dublin, Ireland

Khurshid.Ahmad@cs.tcd.ie

A. Mesiarová-Zemánková
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Abstract

Comonotone maxitive idempotent
aggregation functions on [0, 1] are
characterized and the extended
Sugeno integral is introduced. Also
the relationship of Sugeno integral
and the extended Sugeno integral is
clarified. Finally, extended weighted
maxima on [0, 1] are discussed.
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1 Introduction

Riemann, Lebesgue and Choquet integrals are
heavily related to the standard arithmetic op-
erations of summation and multiplication on
the real line, and thus if we work on a quali-
tative (discrete) scale they are out of use. To
overcome this problem, Sugeno [17] has in-
troduced an integral called now Sugeno in-
tegral or fuzzy integral. It can be intro-
duced on any measurable space with respect
to any fuzzy measure and on any ordinal scale
(i.e., values of measures and functions can be
from some complete chain, e.g., from the scale
{bad, . . . , excellent}).
There is a large variety of applications of
Sugeno integral in different domains,including
diagnostic medicine [15], banking [8], finance
[10], image processing [18, 16] and neural net-
works [11], for instance. Several decision mak-
ing applications of Sugeno integral are dis-

cussed in [6] and in [19]. In this paper authors
have focused on the interpretation of Sugeno
integral in fuzzy inference systems, when the
rules are not independent. This is perhaps the
reason, why Sugeno integral was used quite
rarely in fuzzy control, and thus a need for
some modification of this integral came natu-
rally in the picture, see [12].

A genuine property of Sugeno integral based
aggregation is the comonotone maxitivity, see
[2, 3, 13]. This property can be defined on any
measurable space and any ordinal scale. The
aim of this contribution is the investigation of
comonotone maxitive idempotent aggregation
functions and to study their relationship with
Sugeno integral. Though all consideration
can be done on any compact ordinal scale,
in this contribution we will work on the stan-
dard [0, 1] scale only. Similarly, we will work
on finite space X only. In the next section,
we recall Sugeno integral and its properties.
Section 3 is devoted to comonotone maxitive
idempotent aggregation functions and their
representation as an extended Sugeno inte-
gral, which is introduced here. Relationship
of the extended Sugeno integral and Sugeno
integral is discussed in Section 4, while in Sec-
tion 5 we introduce the extended weighted
maxima operators. Finally, some conclusions
are given. Note that full proofs and more de-
tails on extended Sugeno integrals will appear
in our prepared paper [1].

2 Sugeno integral

Sugeno has introduced the notion of fuzzy in-
tegral, now named after him, in his PhD. The-
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sis [17].

Definition 1 Let X be a finite space, m a
fuzzy measure on X, f : X −→ [0, 1] a func-
tion, then the Sugeno integral Sm of f with
respect to m is given by

Sm(f) = sup(min(t,m(f ≥ t)) | t ∈ [0, 1])
(1)

Recall that m : 2X −→ [0, 1] is a fuzzy mea-
sure on X if m(∅) = 0, m(X) = 1 and
m(A) ≤ m(B) whenever A ⊆ B.
Basic properties of the Sugeno integral are
summarized in the next proposition, see e.g.
[3, 13, 17].

Definition 2 Let F be the system of all
[0, 1]-valued functions on X. Then a func-
tional I : F −→ [0, 1] is called

(i) idempotent if I(c · 1X) = c for all c ∈
[0, 1].

(ii) min-homogeneous if I(f∧c·1X) = I(f)∧c
for any f ∈ F and c ∈ [0, 1].

(iii) max-homogeneous if I(f∨c·1X) = I(f)∨
c for any f ∈ F and c ∈ [0, 1].

(iv) horizontal maxitive if I(f) = I(f ∧ a) ∨
I(f · 1f>a), for all f ∈ F , a ∈ [0, 1].

Proposition 1 Let F be the system of all
[0, 1]-valued functions on X. Then Sm : F −→
[0, 1] is a non-decreasing, idempotent, contin-
uous, comonotone maxitive (and thus max-
homogeneous), horizontal maxitive and min-
homogeneous functional.

Recall that two functions f, g : X −→ [0, 1]
are comonotone if (f(x)−f(y))(g(x)−g(y)) ≥
0 for all x, y ∈ X. Equivalently, the comono-
tonicity of f and g on a finite space X =
{1, . . . , n} means that there are two non-
decreasing functions f∗, g∗ : X −→ [0, 1] and a
permutation σ on (1, . . . , n) such that f∗(i) =
f(σ(i)) and g∗(i) = g(σ(i)) for all i ∈ X.
Comonotone maxitivity of Sm means that
Sm(f ∨ g) = Sm(f) ∨ Sm(g) whenever f and
g are comonotone. The continuity of Sugeno
integral means the standard continuity of real
functions of n variables.

The following characterization of functionals
on F representable as the Sugeno integral was
shown for the finite X by Marichal [9], and in
general by Benvenuti and Mesiar [2].

Proposition 2 Let I : F −→ [0, 1] be a func-
tional which is continuous, non-decreasing,
min- and max-homogeneous. Then I is the
Sugeno integral with respect to the fuzzy mea-
sure mI given by mI(A) = I(1A), i.e., I =
SmI .

Note that min- and max-homogenity of I
ensures the idempotency of I, I(a1X) = a
for any a ∈ [0, 1], and that max-homogenity
can be replaced by more specific property of
comonotone maxitivity (see [3] or [14]).

3 Comonotone maxitive
functionals

Recall that a non-decreasing functional
I : F −→ [0, 1] such that I(1∅) = 0 and
I(1X) = 1 is called an aggregation function
on F , see [3].

As stated in Proposition 1, each Sugeno inte-
gral Sm on X is an idempotent comonotone
maxitive aggregation function on F . However,
the class of all aggregation functions I : F −→
[0, 1] which are idempotent and comonotone
maxitive is much more wider.

Example 1 Let X = {1, 2}, i.e., F = [0, 1]2.
Define I : [0, 1]2 −→ [0, 1] by

I(x, y) =

{
x ∧ y if (x, y) ∈ [0, 1

2

[2
,

x ∨ y else

(see Figure 1). Then I is an idempotent ag-
gregation function which is comonotone maxi-
tive. However, I(0, 1) = 1 and I(0∧ 1

4 , 1∧ 1
4) =

I(0, 1
4) = 0 6= 1

4 ∧ 1, i.e., I is not min-
homogenous and thus it cannot be a Sugeno
integral, see Proposition 1.

The next representation of idempotent
comonotone maxitive aggregation functions
can be derived from our results in [1].
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Figure 1: Aggregation function I from Exam-
ple 1.

Theorem 1 An idempotent aggregation
function I : F −→ [0, 1] is comonotone
maxitive if and only if

I(f) = sup(min(t,mt(f ≥ t)) | t ∈ [0, 1]),
(2)

where mt : 2X −→ [0, 1] is for each t ∈ [0, 1] a
fuzzy measure on X given by mt(A) = I(t·1A)
for A 6= X and mt(X) = 1.

The following definition is inspired by Theo-
rem 1.

Definition 3 Let M = (mt)t∈[0,1] be a sys-
tem of fuzzy measures on X. The mapping
SM : F −→ [0, 1] given by

SM (f) = sup(min(t,mt(f ≥ t)) | t ∈ [0, 1])
(3)

is called an extended Sugeno integral.

Observe that for A 6= X, SM (t · 1A) need not
be equal to mt(A), in general.

Evidently, formula (3) reduces to Sugeno in-
tegral formula (1) if mt = m for all t ∈ [0, 1].
Therefore, (3) extends the idea of Sugeno in-
tegral.

Proposition 3 Let SM be an extended
Sugeno integral. Then it is comonotone max-
itive idempotent aggregation function on F .

Corollary 1 Each extended Sugeno integral
SM can be represented as an extended Sugeno
integral SM ′ , where M ′ = (m′t)t∈[0,1] is a non-
decreasing system of fuzzy measures.

Example 2 (i) Let X = {1, 2} and M =
(mt)t∈[0,1] be given by

mt =

{
m∗ if t < 1

2 ,

m∗ else,

where m∗ is the strongest fuzzy measure
on X and m∗ is the weakest fuzzy mea-
sure on X, i.e.,

m∗(A) =

{
0 if A = ∅,
1 else,

m∗(A) =

{
1 if A = X

0 else.

Then SM = I, where I is given in Exam-
ple 1. Observe that SM is an associative
binary function, and that its n-ary exten-
sion is just the extended Sugeno integral
on Xn = {1, . . . , n} related to the sys-
tem M as given above (dealing with the
strongest and the weakest fuzzy measures
on Xn).

(ii) Let X = {1, 2} and M = (mt)t∈[0,1] be
given by

mt =

{
m∗ if 1

3 < t ≤ 2
3 ,

m∗ else.

Then SM = SM ′ for M ′ = (m′t)t∈[0,1],
where

m′t(A) =


0 if A = ∅,
1
3 if ∅ 6= A 6= X,

1 if A = X.

for t ∈ [0, 2
3

]
and m′t = m∗ else. More-

over,

SM (x, y)=

{
med 1

3
(x, y) if(x, y)∈[0, 2

3

]2
max(x, y) else

is again an associative binary function.
Here med 1

3
(x, y) = med(x, y, 1

3).Again as
in the case (i), when working on Xn, the
corresponding extended Sugeno integral
is the n-ary extension of this binary SM .
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Proposition 4 Maximum of two extended
Sugeno integrals is again an extended Sugeno
integral, namely, max(SM1 , SM2) = SM1∨M2 ,

where for M1 = (m(1)
t )t∈[0,1] and M2 =

(m(2)
t )t∈[0,1] it is M1∨M2 = (m(1)

t ∨m(2)
t )t∈[0,1].

4 Extended Sugeno integral and
the Sugeno integral

In this section we clarify the relationship of
the extended Sugeno integral and original
Sugeno integral.

Example 3 Let M = (mt)t∈[0,1], where

mt =

{
m∗ if t ≤ 0.5,
m∗ else.

Then

SM (f) =


max f if max f ≤ 0.5,
min f if min f > 0.5,
0.5 else.

Observe that if X = {1, . . . , n} then SM

coincide with the nullnorm med0.5, see [4],
which is an n-ary extension of an associative
binary aggregation function med0.5(x, y) =
med(x, y, 0.5). Moreover, SM = Sm is the
Sugeno integral with respect to the fuzzy mea-
sure m given by

m(A) =


0 if A = ∅,
1 if A = X,

0.5 else.

As we have seen in Example 3, even for
non-constant system M the corresponding ex-
tended Sugeno integral SM can be represented
as a simple Sugeno integral Sm for an appro-
priate fuzzy measure m. The next Theorem
brings a full characterization of all such cases.

Note that the above theorem is already exam-
plified in Example 3.

Theorem 2 Let SM be an extended Sugeno
integral. Then it coincide with the Sugeno in-
tegral Sm, where m is a fuzzy measure on X

given by

m(A) = SM (1A) =
∨

t∈[0,1]

(t ∧mt(A))

if and only if for each A ⊂ X, mt(A) ≤ m(A)
whenever m(A) ≤ t, and there is a dense sub-
set D ⊂ ]0,m(A)[ such that mt(A) ≥ t if
t ∈ D.

Evidently, if M = (mt)t∈[0,1] is a non-
increasing system of fuzzy measures, then
SM = Sm, where m(A) = SM (1A).

Example 4 In this example we show an in-
creasing M = (mt)t∈[0,1] such that SM is
Sugeno integral. Let X = {1, 2} and mt(1) =

mt(2) = t. For x < y SM ((x, y)) = (
x∨
0

(t ∧

1))∨ (
y∨
x
t∧ t) = y. After minor processing we

see that SM = Sm∗ = max .

5 Extended weighted maximum

For maxitive fuzzy measure m : 2X −→ [0, 1],
m(A) = max(wi | i ∈ A), the corresponding
Sugeno integral Sm : F −→ [0, 1] yields the
weighted maximum operator, i.e.,

Sm(f) = max(min(wi, f(i)) | i ∈ X) (4)

Let M = (mt)t∈[0,1] be a system of maxitive
fuzzy measures which is constant on inter-
vals Int1, . . . , Intk. Evidently, SM restricted to
the functions with range contained in Int1 is
a weighted maximum operator, similarly for
Int2, . . . , Intk (these are domains where SM

acts as a weighted maximum operator; obvi-
ously, on different domains different weighted
maxima may act). Then SM is an aggregation
function extending all partial weighted max-
ima acting on Int1, . . . , Intk into [0, 1] domain.

Proposition 5 Let X = {1, . . . , n} and let
M = (mt)t∈[0,1] be a system of maxitive fuzzy
measures on X. Then

SM (f) = max(wi(f(i)) | i ∈ X),

where wi(x) = sup(min(t,mt(i)) | t ∈ [0, x]).
Moreover, each wi : [0, 1] −→ [0, 1] is non-
decreasing and max(wi | i ∈ X) = id.

Proceedings of IPMU’08 1487



Example 5 (i) Let X = {1, 2} and M =
(mt)t∈[0,1], where for t ∈ [0, 1

2

]
= Int1,

mt(A) = 1A(1), and for t ∈ ]1
2 , 1
]

= Int2,
mt(A) = 1A(2). Then all mt are max-
itive fuzzy measures, SM (x, y) = x if
(x, y) ∈ [

0, 1
2

]2 and SM (x, y) = y if
(x, y) ∈ ]1

2 , 1
]2
. In general SM (x, y) =

w1(x) ∨ w2(y), where w1, w2 : [0, 1] −→
[0, 1] are given by w1(t) = min(t, 1

2) and

w2(t) =

{
0 if t ≤ 1

2 ,

t else.

Observe that w1 ∨ w2 = id.
(ii) On X = {1, 2}, let M = (mt)t∈[0,1] be

given by mt({1}) = 1− t and mt({2}) =
mt(X) = 1. Then all mt are maxitive
fuzzy measures and SM (x, y) = w1(x) ∨
w2(y), where w1(t) = min(t, 1

2) and
w2(t) = t, t ∈ [0, 1].

6 Conclusion

Examining the comonotone maxitive idem-
potent aggregation functions, we have intro-
duced the extended Sugeno integral.

We have examined some properties of this in-
teresting integral and its relationship to the
ordinary Sugeno integral. Extended Sugeno
integral can be introduced on arbitrary (com-
pact) ordinal scale, e.g., on a finite scale. We
expect possible applications of this new con-
cept in several areas where Sugeno integral
was applied, and where the behavior of an ag-
gregation only on small values differs from the
behavior of aggregation only on high values.

Observe that recently Giove et al. [5] have in-
troduced generalized Choquet integral which
is based on a special system M = (mt)t∈[0,1]

of fuzzy measures. Note that though Sugeno
and Choquet integrals coincide whenever the
underlying fuzzy measure attains only trivial
values 0 and 1, this is not more true for the
extended Sugeno integral and the generalized
Choquet integral.

Note also that a concept based on ultrafil-
ters which is closely related to the extended
Sugeno integral can be found in a recent paper
of Havranová and Kalina [7].
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