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Abstract

Online social software systems en-
able individuals to build representa-
tions of their network of social ties,
and such information can be used
for the analysis of network structure
and the position of individuals in the
network. However, social ties repre-
senting relationships as “friendship”
have intensity or strength as an in-
trinsic, essential feature, and this
needs to be taken into account in
network models. This paper re-
ports on fuzzy techniques that deal
with imprecise information on the
strength of social ties, and provides
an extended model of brokerage that
accounts for such imprecise informa-
tion.
Keywords: Social networks, social
software, fuzzy numbers, betweeen-
ness.

1 Introduction

Undoubtedly the use of the internet as a
medium for social communication has paved
new directions on the way people interact
with each other and coordinate their social
activities. Current social software systems on
the Web (e.g. LinkedIn1 or Facebook2) serve
as a medium for people to register their so-
cial connections. This reflects a vast amount

1http://www.linkedin.com
2http://www.facebook.com/

of dyadic relations that are subject to a wide
range of common social contexts (e.g. a work-
place, an organization or a team) as well as
experiences (e.g. traveling together or met
randomly in an event). Concretely, the reg-
istering of social links is done by request of
the users, which count on profile search tools
to find people they already know. In conse-
quence, the formation of networks is driven
by the interest of the users (usually in chained
sequences of invitations), and by their subjec-
tive impression on who are his/her ‘contacts’
or ‘friends’. However the intention of users
of these platforms to become more visible on
these social systems has led also to a spam
phenomenon where users request to establish
ties with users that are unknown to them only
to increase their visibility in the online social
system. However its up to the users to filter
requests from strangers and there also several
tools created to fight against this phenomenon
[10].

This aspect of Social software is evidently use-
ful for individuals as a way of recoding, main-
taining and eventually strengthening their so-
cial ties. But it also provides a particular
way to collect social network data that opens
the opportunity to automatically compute di-
verse social network measures, which might be
meaningful for analysis and decision making
inside organizations [1], or for professionals
and entrepreneurs using on-line tools. For ex-
ample let us consider the case of a job market.
With the difficulty of finding qualified profes-
sionals for specialized sectors such as IT, this
wave of social systems is transforming the way
the labor market works by adding new ways
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of assessing an individual’s competence level
e.g. by affiliation to trusted authorities.

The second wave in on-line social systems
allows for creating plugins on top of estab-
lished social platforms that are able to re-
trieve social information (restricted to the pri-
vacy policy of each individual). For exam-
ple, in Facebook, FQL (Facebook Query Lan-
guage) can be used to get the userids of the
friends of a given individual, or the explicitly
formed groups to which that individual be-
longs. This can be used in repeated queries
to build a network representation in the form
of a undirected, nonvalued graph that could be
later used as input for social network software
as Pajek3. However, this straightforward ap-
proach does not make use neither of subjective
tie strength data nor of potential similarity
sources (e.g. similarities on ratings for movies
or books and the like). The strength of a so-
cial tie is an important element of the process
of social network analysis due to the fact that
interpretation of the results deriving from net-
work models might be different due to factual
strength of the tie that is taken into consider-
ation. For example let us consider an analysis
of network positions of individuals in a simple
contact network. An analysis based on simple
prestige measure might be misleading due to
the fact that the strength of the tie is not con-
sidered [5]. The notion of the strength of a tie
from a sociological perspective is a fundamen-
tal one [3]. In fact is an important element of
social network analysis since it can affect the
interpretation of fundamental concept of net-
work analysis related e.g with prestige, cen-
trality or network positions. For example in
the simple case of prestige where the number
of connections provides an indication of im-
portance, the strength of adjacent network to
the individual might affect the interpretation
of the results.

The strength or the weakness of an individ-
ual tie however requires extensive knowledge
of the individual’s social environment which
is sensitive under several different sources of
social information. The use of these latter
sources can lead to the creation of valued

3http://vlado.fmf.uni-lj.si/pub/networks/pajek/

models, in which partial, subjective informa-
tion could be combined to come up with bet-
ter measures on the structural position of in-
dividuals. It should be noted the degrees of
subjectively perceived strength are inherent
to the dynamics of the relationships [16], so
the use of representations for them come as
a natural extension to enhance current social
systems on the Web (and from a software de-
velopment perspective, such extension poses
no significant challenges).

This paper examines the current prospects for
such kind of valued models based on imperfect
information. Concretely, it focuses on a loose
definition of “friendship” and sketches how so-
cial net measures could be derived from them.
Since existing empirical evidence [9] point out
that social systems on the Web contain strong
local clusters, it seems reasonable to exam-
ine the individuals acting as brokers between
the clusters as potential sources of communi-
cation and contact that add value [1] to the
membership in on-line social systems.

Departing from this point the rest of this pa-
per is structured as follows. Section 2 dis-
cusses how subjective assessments can be used
and modeled in existing on-line social sys-
tems. Then, Section 3 deals with the use of
that information for the analysis of structural
holes. Finally, conclusions and outlook are
provided in Section 4.

2 Modeling of Subjective Tie
Strength

Since people in current social systems accept
the registering of connections by themselves,
it is reasonable to consider that all the ties
have a positive valence. However, tie strength
should be connected to a concrete interpreta-
tion of the meaning of the link. We focus here
on “friendship”, understood in a loose sense
as a relationship that denotes co–operative
and supportive behavior between two or more
humans, be it actual or potential. Sites as
facebook label as ‘friends’ to the people di-
rectly connected to one individual, however
such notion is blurred with others as exchange
relationships that are in use in the literature

1106 Proceedings of IPMU’08



on the topic [13].

Obtaining objective measures or indicators of
friendship is a challenge in itself, and it is
not feasible with the information available in
on-line social software systems as of today.
Nonetheless, friendship relationships are po-
tentially measurable since they represent time
spent in socio–emotional interaction, but they
are also subject to a continuous flux with dy-
namics that depend on several other different
aspects [16]. This is offcourse due to the sim-
plicity of the interfaces provided by the online
social spaces which care mostly about user ac-
quisition and retainment rather than provid-
ing the users tools for assessing their regis-
tered relations. Past or present co-working or
co-participation in events then could be used
also as an indicator, but social systems on the
Web register only a small fraction of these
relationships. As a consequence, the useful-
ness of general network models that use ob-
jective interaction as measure are limited in
their reach of significant portions of the net-
works. A substitute for this kind of model–
based measures is that of using straightfor-
ward subjective assessments of the strength
of the tie.

Arguably the most common method of col-
lecting data on personal and social networks is
to ask people to recall network ties of one type
or another [8]. The effort for an individual
building his network in providing something
as a subjective rating for the strength of his
direct ties is not too onerous, especially if we
consider that humans have a limited “friend-
ship bandwidth” [15], which is consistent with
the average figures of links found in empirical
studies, e.g. in [9]. These figures range from
less than five to slightly more than one hun-
dred. Following that direction, this provides
that an individual can provide a a subjective
ordering of his/her important contacts which
however would be subjective due to uncer-
tainty derived from factors such as the psy-
chological recall of the social moments expe-
rienced with these individuals. Even though
strength assessment data is not being col-
lected in some of the most popular online so-
cial systems today, it could be added to plu-

gin-based sites by a simple extension. In the
section that follows, we deal with the model-
ing of these assessments and their implication
for network measures.

A second approach to build valued relation-
ship networks is that of using some available
indicator that is backed by some existing evi-
dence, as preferences or tastes. For example,
recent studies suggest that similarity in music
preferences is related to friendship formation
[12]. This results in different models, and we
will not deal with them here.

2.1 Extending the Basic Social
Network Model

A formal representation of the case discussed
above requires us to the extend the stan-
dard social network model where people are
represented as nodes in a graph and their
social connections as edges. We will start
from the common model of a (directed) graph
G = (P, A) where P is a nonempty finite set
of n people (actors in general) and A defines a
irreflexive relation that represent the friend-
ship assessments of the people in P in terms
of pairs of persons (arcs) (xi, xj) ∈ A. Then,
values are introduced as a mapping S from the
Cartesian product P ×P to some assessment
domain A. So sij represents the closeness
(friendship) assessment for the relation from
actor xi to actor xj (in general, sij 6= sji),
since the assessment may be asymmetrical.

An important data hiding principle is that
the assessments of an individual cannot be
disclosed to others, since the opposite would
compromise the lack of bias of the subjective
assessments. This affects applications but not
the model in itself.

2.2 Direct Assessments of Friendship

The direct assessment of friendship can be
done either by ordering friends or by stat-
ing a concrete linguistic label to describe the
strength of the relationship. The latter ap-
proach can be mapped to fuzzy numbers, and
linguistic label sets can be used for model-
ing scales resembling Likert ones. The model
presented here is basic since it abstracts out
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factors as sex, age, economical status or race
that are known to affect friendship, e.g. [14].
If information on those factors is available,
arithmetics could be restricted to homoge-
neous groups.

Fuzzy numbers are fuzzy subsets of the real
domain, and here we will consider only trian-
gular fuzzy numbers, even though other mod-
els could be used instead. A triangular fuzzy
number is represented by ã = (m,α, β), with
the membership function µã(x) is defined by
the expression:

µã(x) =



0, if x ≤ m− α,
x−(m−α)

α , if m− α < x < m,
1, if x = m,
(m+β)−x

β , if m < x < m + β,

0, if x ≥ m + β,
(1)

where m is the center, α is the left spread and
β is the right spread. Following the network
model above, the assessment domain A will
be that of these triangular fuzzy numbers F .

Fuzzy numbers are able to capture uncer-
tainty through the spread of the function,
which is a useful tool for decision making in
on-line Web interfaces. Also hedges and de-
fault models as about or roughly, or distance
comparators as much closer than can be used
to avoid the exposure of the modeling function
to users, which would deal only with linguis-
tic representations. These can be subject to
empirical validation also.

From an egocentric perspective, this model al-
lows for a number of applications, including
the following:

i Controlling or sorting incoming informa-
tion flows.

ii Regulating the automatic finding of po-
tential friends by transitivity.

iii Having more realistic measures of central
position.

Application [i] requires using one of the ap-
proaches for ordering fuzzy numbers. The fol-

Yager’s F1 Liou and Wang
F(first option) 2 9

F(second option) 4 3
F(indiferent) 2 2

lowing Table reports on a small exploratory
study on using the approaches of Yager’s F2
[17] and Liou and Wang [7]. Both numeri-
cal ranks were used on a data set of assess-
ments for the egocentric networks of fifteen
users, and the perception of appropriateness
was elicited by showing metric distances on
their contacts.

Since the index presented by Liou and Wang
extends the one presented by Yager, the hy-
pothesis was that it would be considered more
appropriate for our approach. The estimation
of triangular numbers was done by asking for
ratings in a scale from zero to ten in the form
(w, l, b), as the worse, more likely and better
average for each contact. The findings con-
firm the hypothesis, so what is worth study-
ing is the fuzzy number ranking methods that
could better reflect the ranking behavior of in-
dividuals, or allowing on-line systems to dy-
namically change that behavior.

Application [ii] is usually done by checking
friends-of-a-friend. Fuzzy arithmetics can be
used to filter out some transitive possibilities
in which the aggregated strength of the ties
is slow or subject to a large degree of uncer-
tainty. Other approaches might rank links in
the network [6].

2.3 Fuzzy centralization measures

Application [iii] above entails extending mea-
sures of centrality. Here we will deal only with
the extension of the in-degree centrality. As
defined by Freeman [2], degree centrality is a
count of the number of edges incident upon
a given node (considering both directed and
non-directed networks). Expression 2 is the
usual matrix notation for degree centrality,
and 3 is the standardized variant.

cDEG
i =

∑
j

aji (2)
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cSDEG
i =

∑
j aji

n− 1
(3)

The same degree centrality expression (2) ap-
plies in the case of a valued (weighted) social
network with non negative numbers as tie val-
ues. However, for that case the standardiza-
tion should be adjusted to the maximum pos-
sible aggregated value of the arcs adjacent to
an actor, which entails changing the denomi-
nator in (3) to (n− 1) ·max.

Expression 3 is equivalent to cDEG
i =

∑
j sji

following our notation above, assuming that
we count the incoming arcs to actor xi. The
extension of the model to the case of a fuzzy
structural interpretation is straightforward,
resulting in expression 4.

c̃i
SDEG =

∑
j s̃ji

(n− 1) · m̃ax
(4)

Since each s̃ji is a fuzzy number, the results
of aggregating all the tie intensities will re-
flect the overall magnitude and the accumu-
lated degree of uncertainty. Then, filters or
rearrangement can be implemented related to
these two aspects.

The reordering formula used as a case study
was the index:

F1(µ(x)) =

∫ α
m−α x · µ(x)dx∫ α

m−α µ(x)dx
(5)

For example, given a1 = (3.8, 3, 1) and a2 =
(3, 0.1, 0.8), we have F1(a1) = 2.86 and
F1(a2) = 2.96. The accumulated uncertainty
for a1 results in a correction of the overall
centrality score. In consequence, if we use
F1(c̃i

SDEG) as the centrality measure, the re-
sults will be adjusted to the shape of the num-
bers used to assess the ties.

The rationale of the index is that of consid-
ering the area of the fuzzy number in the left
slope, that is, the uncertainty related to lower
centrality measures. For example, the number
with m = 3.8 is considered to have an exces-
sive degree of aggregated uncertainty for the
left slope, so it is considered dubious as a high
degree centrality.

3 Finding the actors that fill
structural holes

Existing studies on social capital [1] discuss
two main arguments on the network struc-
tures that create social capital. The network
closure argument is that social capital is cre-
ated by networks of strongly connected in-
dividuals. The structural hole argument is
that social capital is created by a network in
which some individuals can take the role of
brokers between otherwise disconnected sub-
networks. Recent studies [9] have reported
that the graphs structure on common social
software sites have a densely connected core
comprising of between 1% and 10% of the
highest degree nodes, such that removing this
core completely disconnects the graph, but
there is also evidence of the presence of strong
local clustering. This suggests that the iden-
tification of the individuals acting as brokers
for different segments are key in the creation
of information flows that cross the boundaries
of close friendship groups. These individuals
are more likely to bring value to the contact
system since they enable new relationships to
be built and they can act as catalysts for in-
formation transfer across groups.

3.1 Extending Betweenness Measures

A well known measure for betweeenness cen-
trality is Freeman’s [2]. Betweenness central-
ity is defined as the share of times that an
actor i needs another actor k (whose central-
ity is being measured) in order to reach a node
j via the shortest path. A typical formulation
of betweenness for actor k is as follows.

bk =
∑

i

∑
j

gijk

gij
i 6= j 6= k (6)

Where gij is the number of geodesic paths
from i to j, and gikj is the number of these
geodesics that pass through node k.

Fuzzy numbers can be used for modeling the
problem, using for network measures one of
the algorithms that solve the fuzzy shortest
path problem (FSPP) [4].

A straightforward extension of the presented
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betweenness measures is that of considering
the geodesics (shortest paths based on fuzzy
numbers as values in the ties). Then, the
above same measure can be used, and the dif-
ference lays in the use of fuzzy numbers to
compute the geodesics. We will define ĝij is
the number of fuzzy geodesic paths from i to
j, and ĝikj as the number of these geodesics
that pass through node k using fuzzy numbers
for finding the shortest path.

However, this does not account for fuzziness
in the count itself, since all the presences in
geodesics are counted irrespective of the shape
of the fuzzy shortest path distances. In order
to retain such information in the model, the
following measure of betweenness is proposed:

b̂k =
∑

i

∑
j

ĝijk

ĝij
i 6= j 6= k (7)

The ĝij represents a fuzzy count of the num-
ber of fuzzy geodesics. The computation of
that count extends the crisp counterpart in
the following way.

ĝij = (gij , α(d̂ij), β(d̂ij)) (8)

where α and β are the parameters from the
output of the FSPP algorithm used. This way,
the uncertainty in the triangular number is
retained in the betweeenness measure.

The ĝijk in the above formula can be modeled
as follows.

ĝikj = (gikj , (9)
α(pred(fspk

ij)) + α(succ(fspk
ij)), (10)

β(pred(fspk
ij)) + β(succ(fspk

ij))) (11)

where α(pred(fspk
ij)) is the α parameter of

the direct fuzzy distance of the predecessor
of actor k in the (fuzzy) geodesic from i to
j. The rest of the elements can be interpreted
similarly, with succ standing for the successor
in the geodesic. Note that the expression en-
tails directionality but the direction does not
affect the final result.

3.2 Interpreting fuzzy betweeenness

The above measure for fuzzy betweenness may
be interpreted as an extension of the original
idea in two directions. On the one hand, it
considers the parameters α and β in the fuzzy
geodesics d̂ij . Since betweenness is measur-
ing the intermediation of an actor, it seems
reasonable that these parameters are related
to the parameters of the shortest distance.
Since FSPP algorithms return fuzzy numbers
with aggregated parameters, these can be di-
rectly translated to the measure. However,
these parameters in general grow with the
(crisp)length of the path so that it might be
reasonable to find a transformation that com-
pensates the effect of that length if the inter-
est in betweenness is that of measuring distant
sub-networks [1].

Regarding the count of times k is in between
i and j, the interpretation varies. In this
case, the main value of betweenness is find-
ing actors filling structural holes. Then, the
important aspect of their value is the degree
of strength to the adjacent actors. The situ-
ation becomes more complicated if the actor
bridges the subnetworks with more than one
tie of similar intensity, however we will not
consider that case here. In the case consid-
ered, the idea is that the parameters α and
β are related to the uncertainty associated to
the direct ties to k’s adjacent nodes. This
is clearly a driver of the information transfer
[11] potential of the actors covering structural
holes. Then, betweenness is a more effective
indicator in that it reflects the uncertainty of
ties. This could be combined with intensity
to give a more informed measure, but this will
entail moving away from the original idea of
(crisp) betweenness.

4 Conclusions and Future Research

On-line social systems represent a case of so-
cial networks where the social contacts of
a given actor are represented as non-valued
graphs that reflect the structure of ties formed
by chained invitations to connect. However,
these systems provide a model of ties that
does not consider the strength or intensity of
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the ties. This is in contrast with existing stud-
ies that deal with friendship dynamics and
similar relationships, considering the intensity
as a key element in the studies.

Modeling the intensity of ego-centered rela-
tions can be done by a representation of sub-
jective intensities in the form of fuzzy num-
bers. Then, fuzzy arithmetics and exten-
sions of typical social net measures can be
used to provide better informed models for
diverse practical applications. This paper
has reported some initial possibilities for such
kind of extended models and their applica-
tion to basic functionality in on-line social
network systems, including information and
contact filtering, and finding relevant individ-
uals. Concretely, measures of indegree cen-
trality and betweenness have been explored
and initial evidence on their appropriateness
for users are reported.

Our intention is to extend and apply the met-
rics presented in this paper considering appli-
cations in two directions. First by implement-
ing an extension to the current systems to
accommodate models as those reported here
can be realized thanks to the extensibility fea-
tures provided by some of the social platforms
such as Facebook. On the other hand, there
is a need to explore additional, more complex
models and test their properties for the con-
crete aspects of social relationships. This can
be done by comparing the perceived appropri-
ateness of the users comparing extended and
standard versions for the same functionality.
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